The No-Arbitrage model by S c h onbucher 30] is combined with the Extended Vasicek Term Structure Model and applied to the pricing of DM-Eurobonds issued by s o vereigns from emerging economies. Practical hedging according to the model is investigated. A portfolio of DM-Eurobonds is analyzed using the risk measures "Shortfall" and "Value at Risk".
It had been a widely held beliefthat the debt crisis of the 1980s was over when the Mexican crisis at the end of 1994, the Asian crisis in 1997, and the Russian crisis in 1998 made clear that highly indebted developing countries remain vulnerable. Hence, investment in such countries is still risky and should be assessed properly. A de nition of country risk is as follows 27, p.7] : "Country or sovereign risk encompasses the entire spectrum of risks arising from the economic, political and social environments of a foreign country that may have potential consequences for foreigners debt and equity investments in that country". Note that two markets are mentioned. This paper 1 focusses on the link between these markets. This paper is not concerned with predicting crises. With respect to forecasting there is ample literature available which was recently reviewed by Somerville and Ta er 31] and Kaminsky et al. 19] . Furthermore there is the issue of risk dependencies between di erent countries that has been emphasized recently 27, p.7] : "Banks need to understand the globalisation of nancial markets and the potential for spillover e ects from one country to another". In order to adress this issue as well recent techniques from derivative pricing are applied assuming that market prices of a country's external debt are derived from the prices of other liquid nancial instruments. The approach chosen allows the integration of "market and credit risk" and enables portfolio-wide assessment of country risk incorporating correlations.
The theoretical results of the paper are applied to real world data. The focus is on Eurobonds issued by the sovereign of a country. In pricing Eurobonds the market performs a daily up-to-date judgement on the issuer's ability to service his foreign currency liabilities. Of course, other factors such as the default-riskless yield curve of the denomination currency are taken into account as well. Thus, there is a potential source of information concerning country risk. In the sequel the task of extracting this information from market prices is approached.
But before possible objections have to be discussed: One might doubt whether the focus on Eurobonds of sovereign issuers is adequate for judging country risk as de ned above. Pragmatically speaking the debt of other foreign borrowers such as foreign corporates is not that actively traded if at all. Hence, data availability dictates this choice. Economically speaking the inability o f the sovereign to service foreign currency liabilities can be considered as a su cient condition for the corresponding 4 inability of the corporates ruled by this sovereign. Of course this condition is not a necessary one, because a coporate may beinable to service foreign debt although the sovereign still is.
Finally, the relevance of the Eurobond market for other debt such as bank loans may be questioned. Facing the grown-up volume of the Eurobond market it is no longer possible to exclude bondsfrom the general treatment of a country's debt in crisis. Hence, the "comparability of treatment" may diminish the di erence between Eurobonds and other forms of debt. Hence, experience from the loan markets will be used for an investigation of the Eurobond-market.
A Structural No-Arbitrage Approach
In order to extract country risk related information that is condensed into the market prices of Eurobonds a so-called "Structural Model" will be developed in the sequel. This model copes simultaneously with default and interest-rate risk.
Structural versus Reduced-Form Models
Recent academic literature has established the two categories "Structural and Reduced-Form Models". For a discussion of these approaches and literature see Du e and Lando 8, Section 1.2]. Their ndings are summarized:
In structural models default occurs when the assets of the issuer have fallen to a su ciently low l e v el relative to the liabilities, in a sense that varies from model to model. As a rule the existing academic literature models the evolution of the assets of the issuer as a continuous stochastic process and, hence, default occurs not with a "bang but with a whimper". At least two exceptions should be mentioned: Zhou 33 ] uses a so-called jump-di usion process for the assets of the issuer, whereas Du e and Lando 8] k eep the continuous process assumption but presume that investors are uncertain about the current level of the issuer's assets.
The other category of models is called reduced-form. These take a s g i v en primitives the fractional recovery of bonds at default, as well as a stochastic intensity for default. Because the default triggering mechanism is not modelled explicitly the only hedge available is a counter position in the same market and not across markets.
Since the structural approach allows for in-and across market hedging and, hence, allows for relative v alue pricing between markets, it is preferred.
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Applying a Structural Model to Sovereign Debt
One might question whether structural models -that have been applied mainly to corporate debt -can betransferred to sovereign debt. Somerville and Ta er 31, p.284] point out that the "emergence of arrears ... is in effect the macroeconomic counterpart to corporate failure". Although in the sequel this analogy will turn out to behelpful, it should not bepressed too far. On the one hand it is nearly impossible to conduct reorganizations and to establish covenants with respect to sovereigns, while on the other hand, even existing contractural agreements are very di cult to enforce as will be discussed in more detail below.
It may be doubted whether it is su cient to rely on nancial market data. The explicit inclusion of political factors might appear necessary. De Haan, Siermann, and Van Lubek 7, p.706] state that "the in uence of political factors is discounted in macroeconomic variables". Applying this argument to the relation between daily market prices and monthly macroeconomic gures a sole reliance on nancial market data seems defendable. Hence, a free-riding approach to the information processing capabilities of nancial markets is applied. Of course there is no presumption towards full informational e ciency as was shown to be impossible by Grossman and Stiglitz 13] . Practicioners agree upon that the evolution of the stock market mirrors the future prospects of the respective country.
In a structural model default occurs when the assets of the issuer have fallen to a su ciently low level relative to the liabilities. These concepts have to be re-de ned in the case of a sovereign issuer. The discounted future stream of the country's GDP is a good candidate for giving meaning to "the assets of the issuer". Since pro ts are part of GDP (e.g. 4, p.21]) part of the discounted future stream of the country's GDP is traded on a daily basis in the stock market. Hence, the equity index of a country is one available proxy for the discounted future stream of the country's GDP. However it should beemphasized that the quality of this proxy is rather dubious becausethe construction of the available equity indices varies from country to country and the market capitalization does so too. Furthermore the relative w eights of the major components of GDP by t ype of income vary as well. Nevertheless the equity index of a country contains valuable information concerning the future prospects of a country.
Having determined the notion of the assets of the issuer, the relative value of the liabilites may be extracted from Eurobond market prices during a so-called calibration period. 
Assumptions of the Model
Consider a zero-coupon Eurobond issued by s o vereign S denominated in currency of country L with a bullet repayment of the principal and no optional features. There are frictionless markets with continuous trading for the equity-index and currency of the sovereign S and for riskless zero coupon bonds of the country L for any maturity. Hence, the so-called equivalent martingale measure exists as has been shown by Harrison and Kreps 15] . An immediate consequence is that the model does not need any information concerning the risk premia for both term structure and default risk. Hence, for pricing purposes the dynamics are formulated for an arti cial risk-neutral world. Note that the resulting formula is valid for any " w orld" including the real one since it is essentially based on a no-arbitrage reasoning. One more consequence is that specifying the zero bond dynamics of the default-riskless zero coupon bonds it su ces to determine the volatility function as has been 7 shown by Heath, Jarrow, Morton 16] . The volatility a t time t of a defaultriskless zero coupon bond maturing at time T with price B(t,T) is assumed to be given by the following deterministic function (t T):
(t T) def = (1 ; exp (; (T ; t))) ( 
2.1)
The two parameters and are identi able as parameters of the extended Vasicek model (mean reverting process with tting function 'time dependent mean', is the volatility of the so-called short-rate and determines the force that pulls the short-rate towards the time-dependent-mean). The SDE for the short rate is: dr = (mean(t) ; r(t))dt ; dw 1 (2. 2) The formula for the time dependent mean needs notation for the instantaneous forward rate for time t as it derives from the actual discount curve. This forward rate is denoted by f(0 t ) :
3) The dynamics of the zero coupon bond's prices are governed by the following stochastic di erential equation (=:SDE), where the default-free interest rate for an instantaneous horizon is signi ed by r(t) and the increments of a Brownian motion by dw 1 : dB(t T) B(t T) = r(t)dt + (t T)dw 1 (2.4)
The equity-index of the borrowers country expressed in units of country L's currency is denoted by V(t) and assumed to evolve according to the following SDE:
The di erentials dw i (i=1,2) are assumed to beindependent. Note that the dynamics for the equity-index of the borrower's country expressed in units of country L's currency t into usual market practice. Currency derivatives are valued assuming a geometric Brownian motion for the exchange rate. The same is done for equity indices. It is known that the product of two geometric Brownian motions is again a geometric Brownian motion.
The correlation between the continuous returns of the equity index V (t) and the changes in the default-free short rate r(t) under the risk-neutral 8 measure is given by the constant ; . The negative sign is due to the fact that interest rates and zero bondprices move in opposite directions. If = 0 the equity-index of the borrowers country expressed in units of country L's currency evolves as in the model of Merton 24] . If in addition the interest rate were constant the dynamics of the equity-index would reduce to that of Black and Scholes 3] -its volatility g i v en by the constant .
The default threshold is given by the following time-variant and stochastic level (t T):
(t T) def = B(t T)K (2.6) If this threshold is crossed before maturity by the the equity-index of the borrower's country, one unit of the defaultable bond is replaced by (1 ; w) units of a default-riskless zero bondwith the same maturity date. The parameter w is known as "write down" and (1 ; w) a s "recovery rate". The write down w is assumed to be deterministic. Note that the default triggering variable "equity-index of the borrowers country expressed in units of country L's currency" incorporates information from the equity and currency markets simultaneously. The fact that there is a connection between creditworthiness and both the currency and stock markets has already been mentioned by Erb, Harvey, Viskanta 12], Obviously, this de nition of the default event is technical. Other de nitions are possible but in general do not allow for the calculation of a closedform solution for the arbitrage-free price of a Eurobond. The de nition of the default as being triggered by the rst "touch down" of the equity index is due to the derivatives-pricing technology applied.
The loss occurring in default is similar to the consequences of a debtbond-swap performed rst in 1987 with respect to the sovereign Mexico: Outstanding debt was written o by the lenders in exchange they received (1 ; w) units of newly issued Mexican debt. The principal was collateralized by T-Bonds. Summing up the e ects of a debt-bond-swap: The defaulted bond is replaced by (1 ; w) units of a default-riskless zero bond with the same maturity date.
Of course, it is not claimed that any debt crisis will be handled by such a debt-bond-swap. Instead, this debt-bond-swap shows that the assumptions of the model can bedefended for a particular scenario. E exp (; Z T 0 r(t)dt)(1 ; w1I) (2.8) Since r(t) is stochastic the numeraire does not drop out of the expected value calculation. This makes the calculation of the integral di cult. Following the ideas presented in 10] a certain numeraire asset is convenient when calculating expected payo s given interest rate uncertainty. The defaultriskless zero bond maturing at time T is chosen as numeraire with T xed. In the sequel an upper-script T denotes the use of the forward neutral measure. Making use of it the following expected value of the discounted payo has to be calculated: E T (B(0 T )(1 ; w1I)) (2.9) This time B(0 T ) can be put outside the expectation because it is known from today's discount curve. Hence, the fair value is given by:
10) It will turn out that Q T is the probability of the event that V (t) B(t T) crosses K before T.
The Girsanov density for the change from the risk-neutral measure (denoted by P to the forward neutral measure P T is:
What remains to bedone is calculation of Q T . A time change is applied in order to cope with time-dependent v olatility. For another use of this technique to a similar nite time horizon problem see 29] . With the motivation in mind the actual calculations are performed now:
The dynamics of the equity index under the risk-neutral measure are governed by the following SDE and initial condition V (0) = V 0 :
In order to obtain the new dynamics under the forward-neutral measure replace the stochastic di erentials according to 26, p.466, Eq. (B.26)]. The relation between the di erentials under the two measures is as follows:
14) The last equation is due to the fact that the di erentials dw i are independent and that the numeraire is driven by dw 1 alone. Inserting the last two equations yields the new dynamics for V :
Note that the dynamics of the default riskless zero bond have c hanged as well:
Expressing the index value V (t) in units of the new numeraire gives rise to the de nition ofṼ (t):
The dynamics ofṼ (t) result from an application of Ito's formula 26, p.463] to the last two SDEs.
Because there is no drift in the last SDE, the T-forward measure is a martingale measure needed for pricing purposes. By construction prices relative to the zero bond B(t T) are martingales. Because the volatility at time t of a zero coupon bond maturing at time T is time-variant,Ṽ (t) has time-dependent volatility. Before coping with this time-dependence a simpli cation of notation is introduced. A Brownian motionŵ is constructed from the two Brownian motions 1 and 2 that preserves the original volatility. De ne a new deterministic function (t):
Note the di erence between the (short rate volatility) parameter and the function (t). This de nes the following martingale M(t): 
The equation reveals, that Y (u) satis es the following SDE:
Hence, Y (u) follows a geometric Brownian motion with time measured on a new scale. In order to use this new scale it should be remembered that there is no default as long as: Note the negative e ect of the correlation parameter . The intuition is as follows: Because the probability Q is calculated under the forwardneutral measure the decisive size is the relative priceṼ (t). Hence, its relative volatility counts. If = 1 the numerator and denominator ofṼ (t) move randomly in the same direction thus diminishing the volatility of the fraction. This extreme case does not imply that the volatility is zero since both assets are a ected di erently by randomness.
Next another correlation is considered: The interdependence between the defaultable zero bond and the equity index. In the sequel it will turn out that the rst partial derivative with respect to V 0 may beof interest. Denoting the standard normal density by n(.) this partial derivative i s as follows: Close inspection of the formula shows that the arbitrage-free value of a defaultable zero bond depends non-linearly on the value of the assets of the issuer. If there is a long distance between the value of the assets and the trigger level, the in uence of the value of the assets is rather small. But if this value approaches the trigger the in uence increases in exponential manner. An immediate consequence is a caveat concerning the use of correlation measures when analyzing country risk. On the one-hand correlation measures only the linear dependence between variables. On the other hand the samples will be dominated by data from "quiet times". Thus the dependence is understated twofold when measured by correlation. It should be noted that the formula and its partial derivative were derived for time zero (full maturity T). It is left to the reader to replace T by T ;t in order to allow for the passage of time. For practical hedging this notationally more expensive version of the partial derivative is used.
Possible Applications
Formula 2.7 (p.9) has the following economic meaning: Due to the assumptions of frictionless markets for the currency and equity index of the borrowing sovereign and the default-riskless zero coupon bonds denominated in the lending currency it is possible to build a portfolio consisting of a long position in the foreign equity index and the domestic zero bond, that has the same value as the Eurobond at any point o f t i m e b e t ween now and maturity. An immediate consequence is that a long position in the Eurobond can be hedged by being short a certain amount of the foreign equity index and the domestic zero bond. The latter position hedges the risk arising from the default-free term structure, the former the default risk.
This model allows also for the evaluation of a portfolio of Eurobonds issued by di erent s o vereigns but denominated in one currency, e.g. DM. Not only correlation between the foreign equity index expressed in the currency of denomination and the default-riskless term structure is captured, but also the correlations between the equity indices and, hence, the so-called default correlation between di erent issuers as it derives from the correlations of the indices.
The above formula 2.7 (p.9) can beused to determine those parameters that t best to the market prices of Eurobonds. Having extracted this information from the market place, it can be used for pricing new issues or to analyze a portfolio of Eurobonds incorporating correlation. This default correlation arises from the correlation of the equity indices and currencies.
Although the formula is given for a defaultable zero coupon bond in the sequel it is applied to coupon bonds as well. Thinking of a coupon bond as a portfolio of zero bonds one might remark that -given K in formula 2.6 (p.8) -the e ective trigger level (t T) v aries from payment d a t e t o p a yment date. A coupon due at time T 1 defaults if (t T 1 ) is hit before, whereas a coupon due at time T 2 defaults if (t T 2 ) is touched. Assume that T 1 is before (smaller than) T 2 . Because the discount factor B(t,T) is bigger for T 1 than for T 2 , (t T 1 ) is bigger than (t T 2 ) as can beseen by formula 2.6 (p.8). If one is aware of the fact that not the nominal value of outstanding debt but its present value is the decisive gure, it is no surprise that the assets of the issuer may turn out to beinsu cient to service debt in the near future T 1 but su cient t o p a y the coupon at a more remote time T 2 . Nevertheless this handling of defaultable coupon bonds raises doubts and is therefore an area for future research.
Note that this handling of coupon bonds is in contrast to the default mechanism of Longsta and Schwartz 22] . In their model all outstanding payments default if the rst coupon defaults. However, it should be noted that in the case of "defaulting" sovereign debtors the outstanding payments are negotiated payment by payment.
Finally, possible applications in risk management are imaginable but should be pursued with care as has been pointed out by Du e and Pan 9, p.10]: "Derivatives pricing models are based on the idea ... that the price of a security is the expected cash ow paid by the security discounted at the risk-free interest rate. The fact that this risk-neutral pricing approach is consistent with derivatives pricing in e cient capital markets does not mean that investors are risk-neutral. Indeed the actual risk represented by a position typically di ers from that represented in risk-neutral models (see Harrison and Kreps 1979] ). For purposes of measuring value at risk at short time horizons such as a few days or weeks, however, the distinction between risk-neutral and actual price behavior turns out to be negligible for most markets. This means that one can draw a signi cant amount of informa-tion for risk measurement purposes from one's derivatives pricing models, provided they are correct". This proviso is checked in the sequel.
Determination of Parameters
Three sets can bedistinguished:
Default related parameters
The current level of the issuer's equity index and currency have to be determined. Multiplication of both market gures yields V 0 as it appears in formula 2.7 (p.9). The volatility o f V (t), i.e. , has to be gured out as well. This can beestimated from historical time series of V (t) or extracted from the equity-and currency derivatives markets.
The write down w and the nominal trigger level K have to be determined by sound economic reasoning or have to beextracted from Eurobond prices during a speci ed calibration period. Longsta and Schwartz 22, p.794] propose to use the write down as a measure of the seniority of the bond. It can be expected that the default related parameters vary among issuers. Thus the objections by Hajivassiliou 14] , that the stochastics di er countrywise, are taken into account.
Term structure related parameters
The two parameters and may be extracted from the market for interest rate derivatives or estimated. These parameters have to bedetermined per currency of denomination.
Link parameter
This parameter is denoted by . It links the stochastics of the default-free term structure to the default related dynamics of the equity i n d e x . It has to be determined per issuer using again an "imply-out" approach or estimation techniques.
Description of Data and Parameter Setting
First, the Eurobonds investigated are presented and their optional features are discussed. Then the default-related data from the equity and currency markets is introduced. Finally, construction of the default-free term structure and its dynamics are sketched. All data is either from DATASTREAM or a proprietary database of WestLB.
DM-Eurobonds under Consideration
The selection of the DM-Eurobonds is driven by aspects of data availability. The focus on emerging economies is due to the recent developments in nancial markets. All these sovereign issuers are considered, where good time series for the exchange rate and the equity index and the Eurobonds are available on a daily basis. All bonds considered have maturities up to 10 years. Pricing bonds with longer maturities is critical, because there are few default riskless bondswith such maturities. Hence, the discount function becomes a critical input for such maturities.
The following table describes the DM-Eurobonds investigated. The o ering circulars for the above issues reveal that there are at least three of the following seven options on the side of the investor (lender):
If any of the following events occurs and is continuing, the holder of the bond may declare such bond immediately due and payable together with accrued interest thereon: These options are "written" (i.e. granted) by the issuer herself. Hence, there is strong negative correlation between the payo of the options and the nancial condition of the option-writer. When the option is "in the money" (i.e. has value), the issuer is "out of money" and vice versa. Judged from the perspective of the investor (lender) the value of these options is negligible. With respect to the exercise of these options it should bekept in mind that it is very di cult to enforce payment of the respective payo s. Summing up all DM-Eurobonds are treated as being straight without optionalities. All have bullet repayment of principal and yearly coupons in DM.
Equity Indices and Currencies
This section gives the names of the equity indices used and reports the volatilities and correlations needed in formula 2.7 (p.9). The rst trading day that is represented in the data is the 21st of April 1997. Including this date the data comprise 174 trading days in the year 1997. This nearly three-quarter period of 1997 is used as a so-called calibration period. The start of the calibration period is due to the Russian DM-Eurobond, that was issued in April 1997.
The meaning of the calibration period is as follows: In general parameters are determined with respect to this time interval and used for pricing in the following years. Statistically speaking the model is ne-tuned "in the sample 1997" and its performance is judged "out of the sample" in 1998. In some cases the equity indices expressed in the currency DM have been scaled down by a x e d f a c t o r a s i s shown in the following table. Note that all gures are in decimal dimensions, e.g. a volatility o f 20 is 0.2.
In order to give detailed information on the issuers additional notation is introduced: The equity index of the borrowers country in its domestic currency is denoted by I and has a volatility of # I . The price of one unit currency of the issuer expressed in units of country L's currency is denoted by X and has a volatility o f # X . The continuous returns of X and I have a correlation that is denoted by % X I .
Although the volatility o f t h e DM-Index can be calculated from the preceding columns it is given for the reader's convenience. Note that only this gure enters formula 2.7 (p.9). All gures are rounded to two decimals. All except the penultimate column contain volatility-gures. The same level of currency volatility for Argentina, Brazil, and Russia is no surprise since all three currencies were pegged to the US-Dollar during 1997. Factually on the 17th of August 1998 (o cially on the 3rd of September 1998) the Rubel started oating and on 13th of January 1999 the Real did too. Because the period under consideration ends with August 1998 the volatility parameters are not changed because the sample of " oating Rubel" is too small in order to estimate a "new" volatility.
Default-Free Term Structure and Correlation
Due to the term structure model being no-arbitrage a good discount curve o f the German default-riskless yield curve is needed and an adequate volatility function. For each trading day under consideration more than 100 government bonds were used to calculate the discount curve. The parameters of the volatility function were chosen in a way that pricing of two REX-linked bondswith maturities 2000 and 2005 was perfect during the calibration period from 21 April to 31 December 1997 ( = 0 :018 and = 0 :046). Because the default-riskless DM-short rate r(t) is not an observable quantity, the parameter measuring correlation between the the default-free term structure and the default related dynamics of the equity index cannot bedetermined empirically. Therefore it is set to zero, although -theoretically -the short rate could be derived from the discount curve. But this would introduce other problems: The discount curve is built from the market prices of DMgoverment bonds. It is well known that the short end of a discount curve built that way should be considered with care. Hence, the derived short rate would rather beatheoretical artefact than a real market rate.
Calibration of Default-Mechanism
Inspection of formula 2.7 (p.9) reveals that the theoretical value of a defaultable bond is "Default-Riskless Bond times Adjustment" and that the "Adjustment" is given by "One minus (Pseudo-) Default-Probability (i.e. Q) times Write Down (i.e. w)". Hence, the "write down" enters the formula in the same manner as the (pseudo-) default-probability. From Moody's research 25, p.19] in the corporate bond market it is known that the average magnitude of the write down is around 0.6.
Write Down
First, the available number of countries, that have defaulted since World War II, is far too small in order to allow for statistically meaningful estimation of recovery rates. A Moody's-like approach to recovery rates of sovereign bonds is therefore impossible. But Moody's insights into recovery rates of corporate bonds help to exclude certain dimensions of the recovery rate. Because it is very di cult to enforce certain rights with respect to sovereign debtors it can be expected that the "write down" of Eurobonds issued by sovereigns is not smaller than that for corporates.
Judgemental "write down" values of 0.6 and 0.7 are chosen for the pricing of DM-Eurobonds. The lower value is assigned to an issuer if during 1997 the correlation between the market price of the DM-Eurobond and its ( ctive) default-riskless counterpart is higher than 0.5. Otherwise w = 0 :7 i s c hosen. This correlation is interpreted as a signal from the market concerning the severity of loss given default. In e ect only the Russian Eurobond is priced using a write down of 70 percent. The remaining Eurobonds are valued with w = 0 :6.
Default-Trigger
The 174 trading days in the year 1997 are used as a so-called calibration period. The level of the nominal default trigger K is chosen perissuer -not per bond -in a way that the average absolute pricing errors are minimal during the three last quarters of 1997. Note that any economic approach to derive K from the level of the issuer's liabilities in foreign currencies would cause serious problems, since it is not clear which fraction of it corresponds to the "assets" of the economy approximated by the equity index.
The resulting values for K are reported in the next table as well as the step size in the search procedure (bisection). The step size varies per issuer, because the equity indices are in di erent dimensions. Hence, the resulting trigger levels are rounded gures. The following table summarizes the results 20 and reports the levels of the equity indices as of 21st April 97 for the reader's convenience. 4 Pricing Capability
Test Methodology
To judge upon the realism of formula 2.7 (p.9) nearly the same approach as the one by B uhler, Uhrig-Homburg, Walter, and Weber (BUWW) 5, p.270] with respect to interest-rate options is applied: "First, valuation models within risk management systems must be capable of predicting future option prices if they are to correctly measure risk exposure. This capability i s best evaluated by the ex ante predictability of a model. Therefore, we use the valuation quality of a model, not its ability t o i d e n tify mispriced options, as the most important assessment criterion". This methodology can be applied to DM-Eurobonds because they can be viewed as term structure derivatives. To provide a yardstick for measuring pricing quality the following quotation may be helpful. BUWW examine the empirical quality o f the models by comparing model prices to market prices for the period from 1990 to 1993. From model to model the "average absolute pricing errors vary between 21 percent and 37 percent" 5, p.292].
Keeping this in mind the test proceeds as follows: Beginning on the 21st of April 1997 daily prices are calculated using formula 2.7 (p.9) and compared to market prices. The inputs are described below.
Inputs for the Closed-Form Solution
The inputs that are updated daily are:
Default-Free Term Structure 4 PRICING CAPABILITY 21 The daily update of the default-free term structure, which is calculated from the market prices of DM-government bonds, in uences the level of the default-riskless discount factor B(0 T ).
Equity Index
The current l e v el of the issuer's equity index and currency are determined on a daily basis. Multiplication of both market gures yields V 0 as it appears in the formula.
All other inputs in formula 2.7 (p.9) are pegged to the levels reported in the tables IIIandIV.
Model versus Market Prices
Because any model is a simpli cation of reality the model prices will deviate from the market prices. The average absolute pricing error is calculated per issuer as follows: On each trading day the absolute deviation between model and market price per outstanding bond is calculated as a percentage. Thus, there is no leveling out of over-and underpricing. Then these daily percentage gures are averaged over all trading days (of the respective y ear) and bonds de ning a unique average absolute pricing error per issuer and year. The number of bonds considered in averaging is reported in the second column. It should be noted that with respect to 1997 only the last three quarters are considered, whereas in 1998 the time series ends on the 31st of August thus covering nearly the rst three quarters of 1998. The last two columns are percentage gures, e.g. during the rst three quarters of 1998 the overall "Average Absolute Pricing Errors" with respect to seven Eurobonds issued by Argentina is 3.24 percent. Of course, a more frequent update of the parameters w and K would increase the match with market prices considerably. Note that these parameters were left unchanged during the time from April 1997 to August 1998. But this could induce the criticism of "data cooking" and would impede the workability of the approach. Finally, it should be emphasized that 22 Eurobonds are less volatile than the interest rate derivatives investigated by BUWW 5] . This should be kept in mind when comparing the error gures.
Hedging
The theoretical assumptions behind formula 2.7 (p.9) assure that there is a dynamic portfolio strategy consisting of certain positions in the default riskless zero bond and the foreign equity index that -when continuously adjusted -replicate the price dynamics of the DM-Eurobond. Since this situation is not found in reality this section is devoted to practical hedging of a long position in a DM-Eurobond. Solely for illustrative purposes this hedging is presented in two parts that are sequentially discussed. Eventually these parts will be put together.
Static Part of Hedge
"Go short" the ctive default-riskless counterpart of the DM-Eurobond which has the same maturity and coupon. Note that in the case of no default of the DM-Eurobond the cash ows cancel. This strategy corresponds to lending "Deutsche Mark" to the sovereign and re nancing by the lender through the issue of bonds that are assumed to bedefault-riskless.
Hence, with respect to the available data the strategy reads: In April 1997 buy one DM-Eurobond (from the menu i n T able I), re nance this long position by issuing a default-riskless bondwith the same maturity and coupon. On the 31st of August 1998 sell the DM-Eurobond and buy a default-riskless bondby another default-free issuer in order to close the re nancing position. The following table contains the respective price di erences from a cash-ow perspective. All gures are in "Deutsche Mark" (i.e. DM). The column "interest" results from the fact that the purchased DM-Eurobond has a market value less than the bond issued by the lender. The initial price di erence is assumed to beinvested in a default riskless zero bondmaturing on the 31st of August 1998. Note that the coupons of the coupon bond positions cancel. 
Dynamic Part of Hedge
Since the purchased DM-Eurobond has a market value less than the bond issued by the lender there is a cash in ow to the lender. On the other hand in the case of default the lender has to service its own issue whereas the income from the DM-Eurobond is reduced -in nominal terms -according to the write down percentage w. In essence the cash in ow of the lender is the "received" premium of a "written" (issued, shorted) derivative. In terms of the model that is applied to the pricing of DM-Eurobonds the derivative corresponds to a long position in the equity index of the sovereign with limited upside potential. Hedging this position requires a counterposition, i.e. a short position. Therefore, the dynamic hedge works as follows: "Go short" a certain amount of the equity index and receive foreign currency. Exchange this for "Deutsche Mark" at the current exchange rate. This yields a cash in ow of V 0 . In theory this position is revised every instant. Practically, w eekly revisions may seem adequate. Because the 31st of August 1998 is a Monday and the markets were very volatile in the preceeding week, it is assumed that on every Monday the -position in the equity i n d e x is closed and built up again. This wo u l d b e a w aste of resources if the amount w as static. In fact it is not. Using the central insight of Black and Scholes 3] the parameter is given by the time-t dependent v ersion of formula 2.29 (p.13). This depends on the actual level of the equity index V at time t. If the "Mondays" of the time under consideration are indexed by T 1 T 2 : : : T i and the time varying amounts also, the weekly cash ow results from the dynamic hedge can be given. For instance on the rst Monday (i.e. 21st of August 1997) the index is sold (shorted) and on the second Monday (i.e. 28th of August 1997) it is bought giving rise to the cash ow result (T 1 ) V (T 1 ) ; V (T 2 )]. In the sequel interest rate e ects are neglected, since the cash positions are rather small. Nearly the same cash ows result from hedging with the future on the respective index. In this case, which is of more practical relevance, "going short the index" is replaced by "selling the future". Now, the cash ow occurs when closing the position by buying back the future. The table highlights the di erence between the static approach on a standalone basis and in combination with the dynamic add-on. It may be resumed that the add-on of the dynamic part lightens the losses from lending to "emerging" sovereigns.
The weekly rebalancing might appear cumbersome. A static alternative to the dynamic hedge could be the purchase of a certain amount of some kind of put option on the equity index V . This would have the advantage that the holder of the put would pro t from an increase in the volatility i n V and not only from the market moves of V . In e ect, this purchase of a put would delegate the dynamic hegding to the writer of the put. Because this put can beproduced only on the OTC-market for exotic derivatives it will becostly. Therefore this option is not discussed in detail.
The case of Russia is of special interest because it is the only borrower where a default in the sense of the model occured. The nominal trigger level K was set to DM 17 through calibration with respect to 1997. On the 27th of August 1998 the Russian equity index fell to DM 14.45 from DM 17.53 the day before. As mentioned in the introduction of the model this move in the equity and currency markets did not trigger default for all outstanding payments of coupon and principal of the Russian DM-Eurobond. In fact, only the "near" coupons in the years from 1999 to 2002 defaulted, because the e ective trigger (t T) is the discounted value of K. Riskless discounting with the discount curve from the 27th of August 1998 yields the values in the table. 
Set Up of the Monte Carlo Approach
In the structural No-Arbitrage approach presented above "the nancial condition of borrower i is represented by" 23, p.1387] the equity index expressed in the currency of the lender (e.g. DM). This variable has the advantage of being observable and tradeable. In the following analysis i is from the set of sovereign issuers introduced above. A Monte Carlo approach is applied using 10.000 pathes. In addition term structure uncertainty is simulated as well. Keeping in mind the proviso by Du e and Pan -that "for purposes of measuring value at risk at short time horizons such as a few days or weeks, .. the distinction between risk-neutral and actual price behavior turns out to be negligible" 9] -the time horizon for the simulation is two months (=2/12=0.167 units of a year). In the presence of term structure uncertainty the so-called short rate r(t) has to be simulated stepwise. Choosing 30 steps per path each step corresponds to two calendar days. Because the equity index triggers default it has to bemonitored very closely. It is obvious that the monitoring frequency of one simulated move (step) pertwo days can be improved. Instead of increasing the numberof steps the ideas of Andersen and Brotherton-Ratcli e are applied making the Monte Carlo technique a little more "exact" 1]. The quality of the random numbersis such that the rst and second moment and the correlation structure are met exactly. In order to balance the impact of each s o vereign on the portfolio one zero coupon DM-Eurobond per sovereign with uniform initial maturity of three years is in the portfolio. Note that lending to sovereigns is no short term business.
The simulation makes use of the parameters that were described above. In addition the correlation matrix is estimated using the available continuous daily returns during the year 1997. Thus the volatility and correlation parameters are from the same "calibration period". Although the model presumes stability of the parameters they may be unstable in time. The simulation evolves under the so-called risk-neutral measure with the riskless savings account as numeraire. The initial term structure is assumed at at ve percent in order to abstract from the real term structure. This gives rise to the following start values of the three-year defaultable zero bonds. Note that the default riskless three-year zero bond has a value of 86.38. Hence, the start value of the DM-Eurobond portfolio is 411.66. For each zero coupon DM-Eurobond in the portfolio there are two possible outcomes at the end of each path (i.e. in two m o n ths): Either default has occured causing a transformation of the Eurobond position to (1;w) units of a default-riskless zero bond with 34 months time to maturity a n d a v alue according to the level of the riskless term structure captured through the "one" factor short rate (Note: The shape of the term structure changes as well in the Extended Vasicek Model) or the defaultable Eurobond is still alive and has a value according to the level of the equity index and the short rate.
Optimality Condition
Traditional management of a portfolio uses "Value at Risk" as risk measure and compares investment alternatives according to their expected return relative to their contribution to the "Value at Risk" (see for instance 21]). There is the proposal to replace VaR by a 'coherent' (in the sense of Artzner, Delbaen, Eber, and Heath 2]) risk measure. ADEH call a risk measure coherent if it satis es the four relations of sub-additivity, homogeneity, monotonicity and the risk-free condition and show that VaR is not coherent. In contrast, the so-called "shortfall" risk measure is 11, p.295]. This measure is speci ed below where the optimality condition is applied. In this subsection sucient optimality conditions using the shortfall risk measure are derived by applying non-linear programming to the decision problem of a bank. Details concerning non-linear programming can be found in standard textbooks such as 6]. Imagine a bank that has at its disposal an investment amount M that earns the return R. To keep things tractable capital letters signify absolute amounts, whereas corresponding small letters denote relative (decimal) gures. Making use of this rule the percentage return of the bank is given by r = R=M. It should be noted that the short rate is denoted by r(t), whereas r without the time argument signi es the percentage return of the bank over a speci c time horizon. The amount of money invested in alternative one (two) is signi ed by A (B) . Note that for a nancial institution the restriction A + B = M can beignored completely. The percentage return of an alternative is denoted by r A respectively r B . With respect to the future these gures are uncertain. Hence, the concept of expected or anticipated returns has to be introduced. Let E(r A ) respectively E(r B ) denote the anticipated return of the alternatives under the real-world probability measure. It is assumed that there is a (di erentiable) non-linear function called S F(A B) that maps the amounts invested into the alternatives (i.e. A and B) to the shortfall-gure of the portfolio. The decision-problem is to maximize the expected return E(R) = E(r A )A+E(r B )B given a target level L of the banks shortfall. This restriction can be expressed as S F(A B) = L. Because shortfall is a coherent risk measure it is convex! Hence, it turns out that the su cient conditions for an optimal decision are as follows, where is the shadow price of the SF-resource: E(r A ) = @SF() @A (6.31) E(r B ) = @SF() @B (6. There is one more practical advantage to be mentioned: No knowledge of the shadow price is required.
But a severe limitation has to be pointed out. The decision problem leading to the optimality condition 6.35 is formulated under the real-world measure whereas pricing and the Monte Carlo simulation make use of other probability measures (forward-resp. risk-neutral). Therefore the expected return calculated under these "other" measures is already known by construction. Nevertheless keeping in mind the proviso by Du e and Pan 9] a ranking of the alternatives according to their riskiness is possible. Therefore condition 6.35 is rewritten as follows: E(r A ) (6.36) This gives a "rough" guideline for ranking required expected returns under the real world measure. If an alternative h a s twice the risk contribution as another one, it should have twice the expected return.
Application of the Optimality Condition
Because the risk measure shortfall is sometimes called "beyond-VAR" the one-percent " V AR" of the initial DM-Eurobond portfolio is chosen as threshold level. The so-called "net worth" 2] of the portfolio is de ned as "initial investment (e.g. 411.66 DM) minus the value of the portfolio after two month". The net worth gure is denoted by x. Hence, shortfall is given by the conditional expected value E(;xjx V A R ). The VAR-gure from the simulation is -26.46 DM. Embrechts, Kl uppelberg, and Mikosh 11, p.288] advocate "the use of the generalised Pareto distribution as a natural parametric model" for measuring shortfall. More speci cally they suggest that below the threshold "standard techniques can be used" and above the threshold extreme value theory 11, p.359]. They point out that the generalised Pareto distribution "appears as the limit distribution of scaled excesses over high thresholds" 11, p.164] and provide information on "Fitting the GPD" 11, p.352]. A thorough application of extreme value theory is beyond the scope of this paper. Another limitation is the use of the risk neutral measure for calculation of E(;xjx V A R ). In the base scenario the portfolio consists of one unit DM-Eurobond persovereign. This leads to a shortfall of 0.304482 DM. The ratios SF() A are calculated as follows: The denominator signi es the position change in the portfolio in value terms, i.e. DM. Comparative statics are performed using a reduction of DM 10 in a speci c DM-Eurobond position, i.e. A = ;10DM. The negative sign is due to A being the amount i n vested. For instance, in the case of "Argentina" instead of holding one unit of the zero bondonly 0.874376159 units of the DM-Eurobond are in the portfolio. The next table contains the fraction SF() A persovereign. Note that a reduction of any component in the portfolio decreases the shortfall. This decrease di ers among the sovereigns considered. As a general rule: The riskier (judged upon by the initial bond price) a sovereign, the more reaction in shortfall. Beside this individual-perspective rule is a correlationbased rule: The more correlated the " nancial condition of the borrower" to the portfolio, the higher is the reaction in shortfall. This explains the ranking between Russia and Brazil. Although the bond prices are very similar (81.60 resp. 81.66) the impact of Brazil is higher due to the concentration of the portfolio in South-America.
It should be pointed out that the original shortfall was measured using the outcomes of one percent of the simulated pathes. Reducing the investment in a certain country as was done in the comparative statics decreases the VAR-gure and leads to a smaller number of outcomes used in measuring the shortfall below the original VAR-gure.
Modi cation of the Optimality Condition
If the risk measure shortfall is replaced by the "incoherent" and non-convex risk measure "Value at Risk" the following analysis emerges. Note that in all cases considered the VAR-gure decreased and that the decimal precision has not been changed. Note that the optimality condition is no longer su cient. It is merely necessary. The correlation e ects are evident again. Because the portfolio is concentrated in South America, the risk contribution of Russia is relatively small.
Summary and Outlook
A simple model for the pricing of DM-Eurobonds has been developed. It is simple insofar as a continuous observable process is assumed to be the default-triggering factor. Hence, only few parameters have to be determined. Due to the lack of data on defaults even the determination of the parameters of a model such simple poses severe problems that have been overcome by judgement. The pricing capability has been evaluated and practical hedging discussed. The ranking of the riskiness varies with the perspective chosen. Because this point is important the next table summarizes the three perspectives (individual vs. VAR vs. SF): The dependence on the base portfolio has been pointed out. The example has revealed a sharper focus of the shortfall risk measure in comparison to traditional VAR.
Knowing what the adequate risk measure is (e.g. shortfall or VAR?) the optimality condition can beused to "search for" (the resp. an) optimal allocation of country limits. If shortfall is the choice it certainly is "a must" to devote more time on extreme value theory. Besides, there are a lot of outstanding re nements on the model itself and the parametrization. Future research is looked forward to.
